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Abstract 

We construct dynamical black ring solutions in the five dimensional Einstein-Maxwell system 
with a positive cosmological constant and investigate the geometrical structure. The solutions 
describe the physical process such that a thin black ring at early time shrinks and changes into 
a single black hole as time increase. We also discuss the multi-black rings and the coalescence of 
them. 
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I. INTRODUCTION 



Recently, higher dimensional black holes have attracted much attention in the context 
of string theory and the brane world scenario. In particular, the black ring solution [l| is 
one of the most important discovery because that means the uniqueness theorem does not 
hold in higher-dimensional space-time unlike the case of four-dimensional space-time 1 and 
the shape of black objects can take various topology in higher-dimension. In fact, many 
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utions which have more complicated structure have been constructed 
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201 ] (see also 
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Q,y,y,Q : 



ii 



It is interesting to have black ring solution with a cosmological constant in the context of 
AdS / CFT correspondence. However, by now, attempts to obtain regular black ring solution 



with a cosmological constant did not succeed 



23 



24J . This might be because the co-existence 



of the scales of the diameter of black ring and the cosmological constant is difficult. In 25], 
Caldarelli et al. constructed solutions for thin black rings in dS and AdS space-times using 
approximate methods, and they mentioned static black ring can exist in the case of positive 
cosmological constant because of the force balance between gravitational force and repulsive 
force by cosmological constant. 

We consider a possibility that solution is dynamical by the existence of positive cosmo- 
logical constant unlike the other works so far. In general relativity, it is difficult to obtain 
dynamical black hole solutions, however we can easily construct such the black hole solution 
in the case of the mass equal to the charge as is constructed by Kastor and Traschen 26j]. 2 
Kastor-Traschen solution 26] was generalizec to higher- dimension in [271 and coalescing 

In this paper, we discuss the dynam- 



black holes on Gibbons- Hawking space [36| in 



33, 



ical black ring solution in a variation of the Kastor-Traschen solutions. 

The organization of the paper is as follows. The method for constructing dynamical black 
ring solutions are shown in ^JTTJ In §111} global structure of the solution in the case of a single 
black ring is discussed. Event horizon of coalescing multi-black rings are discussed in §IVI 



However, some partial achievements was obtained in 
2 If we take the cosmological constant to zero, the solution 
solution 
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reduces to the Majumdar-Papapetrou 



30] which describes static multi-black holes. The construction of the solution is possible 



because of a force balance between the gravitational and Coulomb forces. The higher-dimensional gen- 
eralizations of the multi-black holes are discussed in 0, [l6, 17, 18, 31], and recently the smoothness of 



horizons of higher-dimensional multi-black holes are also investigated in 32. l33l |34|. |35| 
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Summary and discussions are given in £jV] 



II. CONSTRUCTION OF DYNAMICAL BLACK RING SOLUTIONS 

We consider five dimensional Einstein-Maxwell system with a positive cosmological con- 
stant, which is described by the action 

S = TTrV f d ^V=g(R - 4A - F^Fi"), (1) 
lo7rG 5 J 

where R is the five dimensional scalar curvature, F^ v is the Maxwell field strength tensor, A 
is the positive cosmological constant and G§ is the five- dimensional Newton constant. From 
this action, we write down the Einstein equation 

Rp, ~ + 2 ^- A = 2 [f^F u x - ^FapF^J , (2) 

and the Maxwell equation 

F» v . v = 0. (3) 
In this system, we consider the following metric and the gauge 1-form 



ds 2 = -H- 2 dt 2 + He~ M ds^, (4) 

A = ±^-H- x dt, (5) 

where <is| 4 is a four-dimensional Euclid space and A = a/4A/3 and the function H is 

fr = i + -L*, (6) 



and the function \I/ is independent of time coordinate t. As shown in 2y, |27|], if the function 
\I/ is the solution of the Laplace equation on ds^ 4 

A E 4^ = 0, (7) 

the metric (jlj) and the gauge-l-form (jSJ) become solutions of five-dimensional Einstein- 
Maxwell system with a positive cosmological constant. 3 



In 



37 



39j | the case of Gibbons-Hawking base space is discussed. 
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In 271 ]. the function \l/ was chosen as point source harmonics, and then the solution 
describes coalescence of multi-black holes with the topology of S 3 . In construct, in this 
paper, we focus on the ring source solutions of fl7|) given by 

= i + «*) 2 + rWin - «*) 2 + 4 + i V r i + K + W^fti + (n - & *) 2 ' 

where we use the coordinate of c?s| 4 as 

ds| 4 = dr\ + r 2 rf0 2 + dr\ + r 2 ^ 2 , (9) 

and \I/ satisfies 

i i 

III. GLOBAL STRUCTURE OF SINGLE BLACK RING SOLUTION 

At first, we focus on a single black ring solution, namely the harmonics \1/ takes the form 

tt= (11) 
a/ (ri + a) 2 + r| v(ri - a) 2 + r| 

In this case, the solution is dynamical because the topologies of the spatial cross section of 
the event horizon change from S 2 x S 1 at early time into S 3 at late time as shown in the 
following subsection. 



A. Event Horizon 



At late time t — > oo the metric (TjO) behaves 

(! TYl \ ^ 
1 + rr o x dt 2 
e -At r Z _|_ r Z J 

+ + ^?rh) e ~ Xt{dr * + r ^ + drl + rld<Pl) - (12) 

We can see the geometry described by (00) at late time asymptotes to that of Reissner- 
Nordstrom-de Sitter solution. So we can find event horizon locally at late time if m < 
ffWt = 16/(27A 2 ). Similar to the discussion in [40i], by solving null geodesies from each 
point of the event horizons on t = const, surface at late time to the past, we can get null 
geodesic generators of the event horizons, namely we can find the locations of the event 

4 



horizons approximately. We plot coordinate value of event horizon in t\ — r2 plane at each 
time in Fig{TJ From this, we can see that the topology of spatial cross section of event 
horizon at late time is S 3 and the topology of that at early time is S 1 x S 2 . 

2.5, 1 2.5 1 




FIG. 1: Time evolution of the event horizon for a single black ring in n — r<i plane. Coordinate 
values of event horizon of each time slices are plotted. We set parameters A = 1, m = 1/2, a = 1. 



B. Early Time Behavior 

From Fig{H at early time, we can see the event horizon locate on near the points of ring 
source of harmonics r\ = a, r2 = 0. So in this section, we study the geometrical structure 
near r± = a, r2 = analytically. Near the points t\ = a,r2 = 0, the metric (pEJ) behaves 

+ U + ^ t ^\ e- xt (dp 2 + p 2 (d9 2 + sin 2 6d<p 2 ) + a 2 d^, (13) 
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where we introduce new coordinate p, 9, as 

psin^cos^ = ri — a, (14) 

psm9sm(p = r 2 sin</> 2 , (15) 

pcos9 = r 2 cos0 2 - (16) 

From this, we can see that the early time behavior is like black string. The metric (jlj) 
describes the physical process such that a thin black ring at early time shrinks and changes 
into a single black hole as time increase. 

If we take A = limit of the metric (Tl3|) . it reduce to the charged black string solution 
with the mass equal to the charge 41[. The charged black string solution 4l|] is regular 
solution which has two horizon if the mass is greater then the charge, but it has naked 
singularity at degenerated horizon if the mass equal to the charge. One may worry about 
that the metric (Tl3|) also has naked singularity. So, we investigate whether the singularities 
are hidden by the horizon, i.e., whether the null geodesic generators of event horizon reach 
ri = a, r 2 = at a finite past time. 

To do this we study null geodesies in the metric (fT3"j) . The geometry of ffT3"j) has 50(3) x 
U(l) symmetry, so it is sufficient to focus out — p part of the metic (fl~3l) . The null geodesies 
p = p(t) which goes inward from the future to the past satisfies 

dp 1 f 1+ m mV 3/2 _ 



dt A/i 3 ^* V e ~ xt 2a P 
The solution of this equation (ITT]) asymptotes to 

1 A 2 m 3 



e 



as t — > — oo. So, we can see that the singularity is hidden by event horizon at least finite past 
time. However, in the t — > — oo limit along the event horizon (fTHj) . the curvature behaves 

Ra^R"^ ~ e~ 4Xt -> oo, (19) 

but we consider this singularity is not so wrong as long as we focus on the region in which 
the time coordinate t takes finite values. 



IV. EVENT HORIZON OF MULTI BLACK RING SOLUTION 

In this section, we investigate the event horizons of coalescing multi-black rings. For 
simplicity, we restrict ourselves to the solution with two black rings. There are two typical 
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FIG. 2: Time evolution of the event horizon for concentric black rings in a plane in r\ — r<i 
plane. Coordinate values of event horizon of each time slices are plotted. We set parameters 
A = 1, m\ = m-2 = 1/4, a\ = 1, a2 = 2. 



situation, one is concentric black rings in a plane, the other is orthogonal black rings. 
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FIG. 3: Time evolution of the event horizon for orthogonal black rings in r\ — r 2 plane. Coordinate 
values of event horizon of each time slices are plotted. We set parameters A = 1, m = n = 1/4, a = 
6=1. 

A. concentric black rings in a plane 



In this case, ^ is given by 



mi 



m 2 



yj (n + ai) 2 + rf ~ fl i) 2 + r i + °2) 2 + rW(ri - a 2 ) 2 + r\ ' 



(20) 
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which is constructed by two ring sources on a plane. We can find the location of event horizon 
at each time slices plotted in FigfS] as same as the case of a single black ring solution. At 
t = —0.0489 there are two black rings near r\ = 1, r 2 = and r\ = 2, r 2 = 0, and the 
topology of inner black ring is changes into S 3 near t = 0.122. The black hole with S 3 and 
the ring near r% = 2, r 2 = coalesce into a single black hole with S 3 near t = 0.904. 



B. orthogonal black rings 

In this case, \1/ is given by 

m n , 
V= — , + — . (21) 

y/(n + a) 2 + r|V( r i - a ) 2 + r l V r l + ( r 2 + b ) 2 V r ? + ( r 2 - b ) 2 
which is constructed by two ring sources which are orthogonal. Similar to above discussion, 

the event horizon of this geometry is plotted in Figj3l At t — —0.916 there are two black 

rings near r\ — 1, r 2 = and r\ = 0, r 2 = 1, and at a time between t = —0.916 and 

t = —0.811 a black hole with S 3 appears near r± = 0, r 2 = 0. Finally they coalesce into a 

single black hole with S 3 near t = —0.182. 



V. SUMMARY AND DISCUSSION 



In this paper, we have discussed the dynamical black ring solutions in the five dimen- 
sional Einstein-Maxwell system with a positive cosmo logical constant. Our solution has 
constructed by use of ring source harmonics on four-dimensional Euclid space and this is 
analogous to the case of super-symmetric black ring solution [14|. In the case of single ring 
source harmonics, the solutions describe the physical process such that a thin black ring at 
early time shrinks and changes into a single black hole as time increase. In general, our 
solution can describe coalescence of multi black rings. 

All regular black ring solutions so far found have angular momenta to keep balance 
between gravitational force and centrifugal force, otherwise there exist some singularities. 
On the other hand, our solutions do not rotate, i.e., do not have angular momentum, but 
clearly this has no conical singularity because of the way of the construction of the solution. 
We consider that this is because of the balance between gravitational force and electric force. 

One of important point in this paper is that if we set A = our solutions are static 
singular solutions which have curvature singularities at the points \I> diverge, but in the 



case of A 7^ our solutions become regular in the region in which the time coordinate t 
takes finite values since the event horizon encloses the singularities. This suggest that other 
harmonics which were not focused on so far also give regular solutions with various horizon 
topologies. It may be also interesting that this way applies to the case of dimensions higher 
than five. 



While this paper was being prepared for submission, an interesting paper 42j appeared, 



in which the black rings off the nuts on the Gibbons-Hawking space was discussed. 
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